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Nonlinear Dynamic Model of PMBLDC Motor
Considering Core Losses
Fasil M, Nenad M, Senior Member, IEEE,
Bogi BB, Senior Member, IEEE, and Joachim H, Senior Member, IEEE
Abstract—The phase variable model is used commonly
when simulating a motor drive system with a three-phase
permanent magnet brushless DC (PMBLDC) motor. The
phase variable model neglects core losses and this affects
its accuracy when modelling fractional-slot machines. The
inaccuracy of phase variable model of fractional-slot ma-
chines can be attributed to considerable armature flux har-
monics, which causes an increased core loss. This study
proposes a nonlinear phase variable model of PMBLDC
motor that considers the core losses induced in the stator
and the rotor. The core loss model is developed based on
the detailed analysis of the flux path and the variation of
flux in different components of the machine. A prototype of
fractional slot axial flux PMBLDC in-wheel motor is used to
assess the proposed nonlinear dynamic model.
Index Terms—Brushless DC (BLDC) Machines, axial flux
machines, nonlinear model, dynamic model, segmented
axial torus motor.
I. INTRODUCTION
UNLIKE the two dimensional flux path of radial fluxmachines, the main flux in axial flux (AF) machines
has a three-dimensional (3D) path. Therefore, these machines
have to be analysed using techniques like magnetic equivalent
circuit [1] or 3D finite element (FE) method [2] that consider
3D fluxes for obtaining accurate results. The time required to
solve the 3D model of a machine makes simulating a system
such as electric vehicles that include models of power elec-
tronic converter and load along with AF machines impractical.
Therefore, simulating a system with AF permanent magnet
brushless DC (PMBLDC) motor requires a motor model with
a solution time similar to the models of other components
of the system, such as linear phase variable model [3], [4],
nonlinear phase variable model [5], and average value two
axes model [6]. All the three models mentioned neglect core
loss modelling.
There is an increased interest in fractional-slot winding ma-
chines because of the benefits such as high power density, high
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Fig. 1. Schematic of the SAT PMBLDC in-wheel motor (1. End cover, 2.
rotor yoke, 3. magnet poles, 4. wheel rim with spacer, 5. stator, 6. tooth
holder, 7. segmented tooth, and 8. coils).
efficiency, low cogging torque, and fault tolerance [7], [8].
The fractional-slot machines have considerable rotor losses
due to the rich presence of sub- and super-space harmonic
components of armature flux that are not in synchronism with
the rotor [9], [10]. Because of higher value of core loss in
fractional-slot machines compared to integral-slot machines,
the lack of core loss calculation in PMBLDC motor models
could introduce considerable error in the performance simula-
tion of fractional-slot PMBLDC machines.
In this work, a core-loss model of a segmented axial
torus (SAT) PMBLDC motor is developed and incorporated
into the nonlinear phase variable model of PMBLDC motor.
The proposed model is evaluated using a prototype of SAT
PMBLDC in-wheel motor to investigate the further areas of
development of the proposed model.
II. SAT PMBLDC IN-WHEEL MOTOR
A SAT PMBLDC in-wheel motor with ferrite magnets as
rotor poles is designed and fabricated to power an electric
two-wheeler. The schematic of the SAT PMBLDC motor is
shown in Fig.1. The SAT motor topology is a variation of
torus slotted north-south AF motor topology and has no stator
yoke [11]. The magnetically separated teeth can be wound
separately before assembly and this ensures high fill factor and
short end turn resulting in an efficiency improvement [12]. The
specification and main geometrical dimensions of the motor
are listed in TABLE I.
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TABLE I
THE RATING AND DIMENSIONS OF THE SAT PMBLDC MOTOR
Parameter Value
The rated voltage 48V
The rated power output 700W
The rated torque 20Nm
Outer diameter of the motor 275mm
Diameter ratio 0.45
Axial length of the motor 95.8mm
Number of stator slots-rotor poles 18-16
Thickness of magnet poles 7.5mm
Length of air gap 2mm
Number of turns per coil 30
III. THE CORE LOSSES IN SAT PMBLDC MOTORS
The time variation of flux density in components such as
stator core, magnets, magnet retaining ring, and rotor yoke
generate core losses in permanent magnet (PM) machines.
Core losses can be classified as hysteresis loss, eddy current
loss, and excess loss [13]. This study considers only the
hysteresis and the eddy current losses. The SAT PMBLDC
motor is a stator-yokeless topology, and ferrite magnets are
non-conducting magnets. Therefore, the flux density variation
generates losses only in the segmented stator tooth and the
solid rotor yoke of the motor. The FE analysis of the SAT
PMBLDC motor showed a considerable variation in the max-
imum value of flux densities in the tooth-tip and the remaining
part of the stator tooth (the section of the tooth excluding the
tooth-tip will be addressed as tooth henceforth). Therefore,
the tooth-tip and the tooth are considered as two different
components for loss modelling. In this work, the magnetic
losses associated with the current building up and the pulse
width modulation (PWM) switching of the stator current are
neglected. The following part of this section will formulate
expressions for calculating core losses in the stator tooth, the
tooth-tip, and the rotor yoke of a SAT PMBLDC motor.
A. Core losses in stator tooth-tip
In a PM machine, the armature flux will distort the tooth
flux density distribution generated by the permanent magnets.
The unexcited and the excited flux density distributions on
a pair of tooth faces of the SAT PMBLDC motor is shown
in Fig. 2. From Fig. 2, it is clear that the armature current
not only distorts the no-load field distribution of tooth-tips
but also increases the maximum flux density. The flux density
variation of the two stator tooth-tips, one with coil and one
without coil, with rotor position is shown in Fig. 3. The flux
density variations are captured from a series of static FE
simulations. In each simulation step, the rotor is rotated by
an angle and a pair of phases are excited with a constant
current to produce a positive motoring torque. The tooth-
tip flux densities inside the tooth tip volume are sampled at
three points of a plane located at the midpoint of the tooth-
tip thickness. The captured flux density variations can be
simplified as shown in Fig. 4 to fit the core loss model for
electrical machines with non-sinusoidal excitation, proposed
Fig. 2. Flux density distribution on stator tooth faces of the SAT
PMBLDC motor. (a) No-load. (b) when the armature carries a current
of 15A.
by Slemon and Liu [14]. The simplified flux density waveform
accounts the peak flux density and the rotor displacement over
which the flux density variation occurs. The simplified flux
density waveform changes the polarity over angle αtt, the
mean pole transition angle in electrical radians. The tooth-tip
core loss per unit mass corresponding to the simplified flux
density waveform is given by [14]
ptt = Khf
αBβttm +
4
pi
Ke
f2B2ttm
αtt
(1)
where Kh, α, β, and Ke are the constants obtained from the
curve fitting of core loss data measured for a toroidal stack of
steel laminations with sinusoidal excitation, f is the frequency
of flux density variation, and Bttm is the peak value of flux
density at the tooth-tip.
B. Core losses in stator tooth
The flux density variation with rotor position for a tooth
with coil and a tooth without coil of the SAT PMBLDC motor
is shown in Fig. 5. The flux density variations are captured
at the geometrical centre of the tooth because the tooth has
a uniform flux density across its cross-section. The coils are
carrying a current of 15 A. The armature current affects only
a peak during one cycle of tooth flux density variation and
the effect on the affected peak is less pronounced as shown
in Fig. 5. Therefore, the tooth flux density variation with the
armature current is not considered. The tooth core loss can be
calculated using the model of Slemon and Liu [14] with the
help of the simplified flux density variation shown in Fig. 5.
The tooth core loss per unit mass is given by [14]
pt = Khf
αBβtm +
4
pi
Ke
f2B2tm
αt
(2)
where, Btm is the peak value of the tooth flux density, and
αt is 2pi/3, the phase current conduction angle in electrical
radians.
C. Core losses in solid rotor yoke
There are two reasons for the flux variation in the rotor
yoke with time. The change in the reluctance seen by the rotor
magnets as they move past the slot openings, and the relative
speed between the armature flux and the rotor yoke. The
designed motor has a 1 mm slot opening and this narrow slot
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Fig. 3. The flux density variation inside the tooth tip with rotor position
for six points in a plane located at the middle of a tooth-tip of the SAT
PMBLDC motor, when armature carries a current of 15A. (a) Position
of flux density sampling points in the stator. (b) Flux density variation
in a tooth with current carrying coil. (c) Flux density variation in a tooth
without coil.
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Fig. 4. Tooth-tip flux density variation and the simplified tooth-tip flux
density variation of the SAT PMBLDC motor.
opening creates only a minor flux density variation in the rotor
yoke as shown in Fig. 6. Therefore, the core loss generated
in the rotor yoke due to slot opening is neglected because
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Fig. 5. The flux density variation with rotor position for a tooth with coil
and a tooth without coil of the SAT PMBLDC motor, when the armature
carries a current of 15A.
Fig. 6. The rotor yoke flux density variation of the SAT PMBLDC motor
with rotor position under no-load.
the reluctance seen by magnets remains nearly constant as the
rotor rotates.
The armature flux will generate both hysteresis and eddy
current loss in a solid rotor yoke of a PMBLDC motor. The
rotor yoke flux density of the SAT PMBLDC motor at no-load
and when the armature carries a current of 20 A is shown in
Fig. 7. Comparing no-load and load flux density distributions
in yoke, it is clear that the armature flux enhances some of
the no-load peaks and diminishes the others. The sections of
the rotor yoke that experience the maximum flux density will
have a loss corresponding to a minor hysteresis loop formed
about the operating point defined by the no-load flux density
1.35 T. The area of the minor loop will increase with armature
current. However, Bottauscio et al. in their work shown that
the hysteresis loss will be a smaller fraction of the total rotor
losses [15], and hence, the rotor yoke hysteresis loss is not
considered in this work.
The eddy current loss generated in the solid conducting
rotor yoke of a PM motor by armature harmonic fluxes can
be calculated using either an FE model [16] or an analytical
model [17]. The studies comparing both models found that the
results obtained from the analytical model are within the ac-
ceptable limits of results of the FE model [18], [19]. A 3D-FE
model of a SAT PMBLDC motor will take considerably longer
simulation time because of the small element size required for
the accurate simulation of eddy current distribution in a solid
conducting yoke [18]. Therefore, this work uses an analytical
approach using a three-layer model proposed by Lawrenson
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Fig. 7. The rotor yoke flux density of the SAT PMBLDC motor. (a) No-
load. (b) When armature carries a current of 20A.
Fig. 8. The airgap flux density harmonics of the SAT PMBLDC motor,
when armature carries a current of 15A, and the magnet flux is set
to zero. (a) The flux density over a 360◦ contour. The contour used
is a circle with radius equal to the mean stator radius and located at
the middle of the mechanical airgap. (b) The normalised magnitude of
airgap flux density harmonics.
et al. and Oberretl [20], [21].
The airgap flux density variation of the SAT PMBLDC
motor and its normalised harmonics are shown in Fig. 8. The
airgap flux density variation of Fig. 8 is generated by setting
the magnet flux to zero and the armature current to 15 A. The
flux density variation of Fig. 8 is rich in harmonics because
of the fractional-slot concentrated winding employed in the
machine. Though, the phase windings of PMBLDC motors
are spatially separated from each other by 120◦ electrical;
they carry currents that have a phase difference of 180◦
electrical. As a result, rotating armature flux is not formed
in PMBLDC motors, and the armature flux is either stationary
or pulsating depending upon whether the winding carries
a constant current or a varying current. Consequently, the
velocity of the stationary armature flux density wave of a
PMBLDC motor with respect to its rotor is the rotational speed
of the machine.
The linear velocity of the armature flux density wave of a
PMBLDC motor with respect to its rotor is given by
v = 2pinRYmean (3)
where, n is the rotational speed of the machine in revolutions
per second, and RYmean is the mean radius of the rotor yoke.
The wave length, λi of the ith harmonic of flux density wave
is given by
λi =
2piRYmean
i
(4)
The angular frequency of the ith harmonic of flux density
wave is given by
ωi =
2piv
λi
(5)
Substituting (3) and (4) to (5)
ωi = 2pi × 2pinRYmean × i
2piRYmean
= 2pini (6)
The skin depth of ith harmonic of flux density wave is given
by
δi =
√
2ρFe
µFeωi
(7)
where, ρFe is the resistivity, and µFe is the average perme-
ability of the rotor yoke material, which is normally made of
solid soft iron in PMBLDC motors. Substituting (6) to (7)
δi =
√
ρFe
ipiµFen
(8)
The eddy current loss generated in a rotor yoke due to ith
harmonic of flux density wave can be calculated as [17]
PLryei =
|Bi|2v2δi
4ρFe
×Ary (9)
where, |Bi| is the magnitude of ith harmonic of the armature
flux density wave and Ary area of the rotor yoke face.
Substituting (3) and (8) to (9)
PLryei = |Bi|2R2YmeanAry
√
pi3
iρFeµFe
× n1.5 (10)
The total eddy current loss generated due to armature flux
density wave corresponding to a motor speed of n is given by
PLrye = n
1.5 ×R2YmeanAry
√
pi3
ρFeµFe
∞∑
i=1
|Bi|2√
i
(11)
The second term of (11) is independent of the rotational speed
of the PMBLDC motor and can be expressed as a function of
source current, is as
fyoke eddy loss{is} = R2YmeanAry
√
pi3
ρFeµFe
∞∑
i=1
|Bi|2√
i
(12)
Therefore, (11) can be written as
PLrye = n
1.5 × fyoke eddy loss{is} (13)
Rotor yoke eddy current loss in a PMBLDC motor with more
than one rotor yoke can be calculated as
PLrye = nyn
1.5 × fyoke eddy loss{is} (14)
where, ny is the number of rotor yokes in the motor. The (14)
can be expressed in terms of the operating frequency of the
motor similar to equations for core losses in the stator tooth-tip
(1) and the stator tooth (2) as
PLrye = ny
(
f
p
)1.5
× fyoke eddy loss{is} (15)
where, p is the number of pole pairs of PMBLDC motor.
0278-0046 (c) 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TIE.2017.2711536, IEEE
Transactions on Industrial Electronics
IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS
Fig. 9. The block diagram of nonlinear dynamic model of three-phase
PMBLDC motor.
IV. NONLINEAR DYNAMIC MODEL OF THREE-PHASE
PMBLDC MOTOR
A block diagram of the proposed nonlinear dynamic model
of three-phase PMBLDC motor is shown in Fig. 9. It consists
of DC voltage source, a three-phase inverter, a PMBLDC
motor, a load, a controller, and a core loss model. The model
is implemented in Matlab-SimulinkTM. This section discusses
the implementation of individual blocks of the dynamic model
of a PMBLDC motor drive.
A. Three-phase PMBLDC motor model
The motor model solves the voltage equations and the torque
equation of the motor. The SAT PMBLDC motor has an
alternate tooth winding. The tooth without coil will have fluxes
from the two nearby coils. However, the flux from one coil will
not link with other coil. Therefore, mutual coupling of coils
is not present in SAT PMBLDC motor. The voltage equation
of a phase is given by [22]
v = iR+ L
di
dt
+ e
= iR+ L
di
dt
+
dψ(θ, i)
dθ
ω
= iR+ L
di
dt
+ ψ′(θ, i)ω (16)
where, v is the applied phase voltage, i is the phase current, R
is the phase resistance, L is the phase inductance, e is the phase
back EMF, ψ is the flux linkage of a phase as a function of the
rotor position in mechanical degree, θ and the phase current,
ψ′ is the derivative of ψ, and ω is the angular velocity of the
rotor. The flux linkage is obtained from a series of static 3D
FE simulations. The instantaneous electromagnetic torque of
the motor, Tem can be expressed as
Tem = ψ
′
a(θ, ia)ia + ψ
′
b(θ, ib)ib + ψ
′
c(θ, ic)ic + Tcg(θ) (17)
where, Tcg(θ) is the cogging torque as a function of the rotor
position. The implementation of voltage equations and torque
equation of a three-phase PMBLDC motor is shown in Fig. 10
and Fig. 11 respectively. Both the models uses a 2-D look-
up table of the flux linkage derivative as a function of phase
current and rotor position, calculated from a series of static
FE simulations, to model the non-ideal back EMF waveform
and the effect armature reaction on it.
B. Core loss model
The loss model incorporates hysteresis and eddy current
losses in the stator core and eddy current loss in the rotor
Fig. 10. The model for solving the voltage equation of a three-phase
PMBLDC motor.
Fig. 11. The model for solving the torque equation of a three-phase
PMBLDC motor.
yoke into the nonlinear phase variable model of a PMBLDC
motor. If Mstt is the mass of all tooth-tips and Mst is the
mass of all tooth, the total core losses generated in the stator
core can be calculated from (1) and (2) as
Pcs = Khf
α
(
MsttB
β
ttm +MstB
β
tm
)
+
4
pi
Kef
2
(
MsttB
2
ttm
αtt
+
MstB
2
tm
αt
)
(18)
Total core loss can be obtained by adding (15) and (18),
Pc = ny
(
f
p
)1.5
× fyoke eddy loss{is}
+Khf
α
(
MsttB
β
ttm +MstB
β
tm
)
+
4
pi
Kef
2
(
MsttB
2
ttm
αtt
+
MstB
2
tm
αt
)
(19)
The core loss equation (19) of a PMBLDC motor is solved
using the model shown in Fig. 12. The core loss model uses
two look-up tables, one for the peak tooth-tip flux density
and another one for the rotor yoke eddy current loss function.
The look-up table of peak tooth-tip flux density vs. armature
current can be generated from the same set of FE models
used to calculate the variation of flux linkage with rotor
position and armature current. The look-up table of the rotor
yoke eddy current loss function is obtained by solving FE
models of a PMBLDC motor without magnet flux for different
armature current. Though, removing magnet flux will enhance
the magnitude of stator flux density harmonics by lowering
the saturation level of the flux path, the approach will help
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Fig. 12. The core loss model of a PMBLDC motor.
to capture low amplitude sub-harmonic components, which
can penetrate deep into the yoke and induce most of the
losses [16], [17]. The core loss model calculates the core
loss component of the current, and in a Simulink model, this
current will be drawn from the voltage source via a block
named controlled current source, connected across the voltage
source.
C. Power electronic converter model
A standard three bridge converter from the Simulink library
is used in the model. Further, a controller is modelled to
generate the gate pulses for the converter based on the rotor
position so that a positive shaft torque is produced.
D. Load model
The electromagnetic torque developed in the motor has to
work against the load torque, inertia of rotating components,
and moving friction. The equation governing the load be-
haviour can be written as
Tem = TL + j
dω
dt
+ bω (20)
where, TL is the load torque, j is the moment of inertia of
rotating parts of the motor and the load, and b is the constant
of moving friction.
V. SIMULATED AND EXPERIMENTAL RESULTS
The dynamic model proposed in this work is used to sim-
ulate the SAT PMBLDC motor prototype driving a constant
Fig. 13. The variation of the flux-linkage-derivative with rotor position for
different phase current obtained from a series of static FE simulations of
the ferrite magnet SAT PMBLDC motor prototype.
Fig. 14. The variation of the peak value of the tooth-tip flux density with
armature current obtained from the FE simulation of the SAT PMBLDC
motor.
torque load in a test bench. A comparative study of results
of the simulation and the testing is presented to assess the
model and to identify areas of improvements in the dynamic
modelling of the PMBLDC motor.
A. Nonlinear dynamic model parameters
The variation of flux-linkage-derivative of the motor with
rotor position for different values of phase current is shown in
Fig. 13. The simulated peak tooth-tip flux density variation of
the prototype motor with armature current is shown in Fig. 14,
and the change in the curve from 15 A can be attributed to
saturation of stator laminations. The change of rotor yoke eddy
current loss function with armature current is shown in Fig. 15.
Cogging torque of the motor is not considered because the FE
analysis of a reduced sized model found that the peak-to-peak
value of cogging torque is only 16 mN m. The phase resistance
value of 56 mΩ and the phase inductance value of 1.8 mH,
obtained from the FE model, are used in the simulation.
B. Experimental setup for testing SAT PMBLDC motor
The test setup to measure the performance of SAT PM-
BLDC in-wheel motor is shown in Fig. 16. The test bench
consists of a four-quadrant drive, speed reduction gears, torque
and speed sensor, a monitor to record torque and speed, a
BLDC motor controller and a DC power supply. The four-
quadrant drive is configured to work as a generator, and it can
act as a constant torque load to the motor.
C. Discussion
The variation of the flux-linkage-derivative with rotor po-
sition is used to estimate the line back EMF at 340 rpm.
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Fig. 15. The values of yoke eddy current loss function of the SAT
PMBLDC motor design for different armature current.
Fig. 16. The experimental setup to measure the performance of the SAT
PMBLDC in-wheel motor.
The calculated line back EMF is plotted in Fig. 17 along
with the waveform obtained from the back EMF test of the
motor. The deviation of the test back EMF waveform from
the FE simulated back EMF waveform can be attributed
to manufacturing variations of the motor compared to the
assembly simulated in the FE software. The major variations
observed in the prototype are in widths of slot openings, in
dimensions of interpolar gaps, and in thickness of magnets.
The phase current waveforms obtained from the dynamic
modelling and the testing of the prototype motor is plotted
in Fig. 18. The waveform corresponds to a load torque of
10 N m at a speed of 300 rpm. The efficiency map obtained
from the test and the simulation of the prototype ferrite magnet
SAT PMBLDC motor is shown in Fig. 19. The simulated
current waveform closely follows that of the test. However,
there is considerable variation in maximum efficiencies and
Fig. 17. The test and the FE simulated line back EMF waveforms of the
prototype ferrite magnet SAT PMBLDC motor.
Fig. 18. The test and simulated phase current waveforms of the SAT
PMBLDC motor.
Fig. 19. The efficiency map of the SAT PMBLDC motor.(a) From the
dynamic model. (b) From the testing.
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distributions of efficiency bands of the dynamic model and the
test data. The reasons for the difference between the simulated
and the tested efficiency maps of the ferrite magnet prototype
has been explored, and they are
1) The simplified windage and friction loss model used
in the dynamic model cannot expect to be accurate,
especially when the motor is operating with an efficiency
more than 90 %. The windage loss characterisation of
the PMBLDC motor requires a detailed study using non-
magnetic dummy rotors and computational fluid dynamic
models [23], [24]. The lack of mechanical loss character-
isation prevents the extraction of electromagnetic losses
other than the conduction loss from the test data. The
segregation of losses will help to improve the overall
accuracy of the dynamic model by individually validating
each loss model and thus improving the loss models used
in the study.
2) The prototype motor uses a commercial controller, and
the detailed operation and the component layout of the
controller were not available. The dynamic model of the
PMBLDC motor discussed in this work uses a basic six-
pulse inverter. Using an in-house developed PMBLDC
motor controller would help to model and validate the
switching and conduction losses in the controller.
3) The prototype motor has a considerable vibration between
310 rpm and 330 rpm only when connected to the test
bench, and the readings of the torque and the speed
from the sensors were oscillating substantially during this
speed range.
VI. CONCLUSION
This work discusses the development of a core loss model
and incorporating it into the nonlinear phase variable model
of three-phase PMBLDC motor. The model is developed for
SAT motor topology. A theoretical study has been presented
in which the core loss is modelled as a function of peak flux
densities of flux paths, the armature current, and the speed of
the machine. The model captures nonlinearities in core losses
of the stator and the solid rotor yoke with the help of two look-
up tables derived from the static FE model of the machine. The
first look-up table relates the maximum tooth tip flux density
and the armature current, and the second look-up table relates
eddy current in the rotor yoke and the armature current.
A comparative study of the results of the dynamic modelling
and the test results of a SAT PMBLDC motor is carried
out. The motor was operating with an efficiency of more
than 90 %, and the accuracy with which all electromagnetic
and mechanical losses are modelled is critical to estimate
the system performance accurately at this level of efficiency.
Therefore, it is concluded that a loss segregation study is
required to complete the validation of core loss model.
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